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GLOBAL BOUNDEDNESS OF THE CURL FOR A p-CURL SYSTEM IN
CONVEX DOMAINS
HONGJIN WU, BAOJUN BIAN
Abstract. In this paper, we study a semilinear system involving the curl operator in a bounded
and convex domain in R3, which comes from the steady-state approximation for Bean critical-
state model for type-II superconductors. We show the existence and the L∞ estimate for weak
solutions to this system.
1. Introduction
This paper is devoted to the study of the boundedness of the curl of solutions to a
semilinear system in a bounded and convex domain Ω in R3:

curl (| curlu|p−2 curlu) = f in Ω,
divu = 0 in Ω,
u× ν = 0 on ∂Ω,
(1.1)
where ν denotes the outward unit normal to ∂Ω, p ∈ (1,∞) is fixed, u : Ω → R3 is a
vector-valued unknown function and f : Ω→ R3 is a given and divergence-free vector.
The system (1.1) appears as a model of the magnetic induction in a high-temperature
superconductor operating near its critical current (see [16, 28]). More precisely, u and
curlu are the magnetic field and the total current density respectively, and f denotes the
internal magnetic current. The system (1.1) is also the steady-state approximation for
Bean’s critical-state model for type-II superconductors (see [8,26,27]), where the magnetic
field u is approximated by the solution of the p-curl-evolution system. For the detailed
physical background, we refer to [7, 8, 13].
We need to mention that the Cauchy problem for the p-curl-evolution system in un-
bounded domains can be found in [26] by Yin, who studied the existence, uniqueness,
and regularity of solutions to this system. In [27], Yin considered the same problem of
the p-curl-evolution system in Ω× (0, T ], where Ω is a bounded domain in R3 with C1,1
boundary and no holes in the interior. The results for domains in R2 had been established
in [5]. Recently, the work of [27] had been extended to more general resistivity term of
the form ρ = g(x, | curlH|) for some function g by Aramaki (see [3]). We refer to [1]
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and [2] for more results of the parabolic version of the system (1.1). Some recent results
with respect to this kind of problems can be found in [6, 18, 20].
Regardless of the time dimension, Laforest [16] studied the existence and uniqueness
of the weak solution to the steady-state p-curl system (1.1) in a bounded domain whose
boundary is sufficiently smooth. Yin [28] studied the regularity of the weak solution to
the system (1.1) in a bounded and simply-connected domain Ω with ∂Ω ∈ C2 and showed
that the optimal regularity weak solutions is of class C1+α, where α ∈ (0, 1). For such
problems mentioned above, one usually works in spaces of divergence-free vector fields.
In [9], Chen and Pan considered the existence of solutions to a quasilinear degenerate
elliptic system with lower-order terms in a bounded domain under the Dirichlet boundary
condition or the Neumann boundary condition, and the divergence-free subspaces are
no longer suitable as admissible spaces. We also mention that further generalizations of
p-curl systems with p instead of p(x) are the subject of [2,24] and the references therein.
Moreover, system (1.1) is a natural generalization of the p-Laplacian system for which a
well-developed theory already exists (see [4,10,14,21,25]). In particular, the boundedness
of the gradient up to the boundary for solutions to Dirichlet and Neumann problems for
divergence form elliptic systems with Uhlenbeck type structure was established by Cianchi
and Maz’ya in [10], where the p-Laplacian system is also included. Note that the system
(1.1) is a curl-type elliptic system with Uhlenbeck type structure. In parallel with the
problem for p-Laplacian systems in [10], our study is aimed at checking whether we have
the boundedness of the curl of solutions to the system (1.1). The elliptic characteristic of
system (1.1) can be inferred by this result and the system thus can satisfy the properties
of elliptic partial differential equations. But unlike the Dirichlet boundary condition or
the Neumann boundary condition for the divergence-type system in [10], the difficulties
of our work is to tackle the vanished tangential components and the degeneration of the
operator curlcurl in system (1.1).
To state our result, we first need to introduce Sobolev spaces W pt (Ω, div 0) with 1 <
p <∞ and Lorentz spaces L(m, p) with 1 ≤ m <∞ and 1 ≤ p ≤ ∞. Define by
W pt (Ω, div 0) := {u, curlu ∈ L
p(Ω) : divu = 0 in Ω and ν × u = 0 on ∂Ω}
with the norm
‖u‖W pt (Ω,div 0) = ‖u‖Lp(Ω) + ‖ curlu‖Lp(Ω).
Let (X,S, µ) be a σ−finite measure space and f : X → R be a measurable function.
We define the distribution function of f as
f∗(s) = µ({|f | > s}), s > 0,
GLOBAL BOUNDEDNESS OF THE CURL FOR A p-CURL SYSTEM IN CONVEX DOMAINS 3
and the non-increasing rearrangement of f as
f ∗(t) = inf{s > 0, f∗(s) ≤ t}, t > 0. (1.2)
The Lorentz space now is defined by
L(m, p) = {f : X → R measurable, ‖f‖Lm,p <∞} with 1 ≤ m <∞
equipped with the quasi-norm
‖f‖L(m,p) =
(∫ ∞
0
(
t1/mf ∗(t)
)p dt
t
)1/p
, 1 ≤ p <∞
and
‖f‖L(m,∞) = sup
t>0
t1/mf ∗(t), p =∞.
Then we introduce the weak solution to the system (1.1):
Definition 1.1. We say that u ∈ W pt (Ω, div 0) is a (weak) solution to the system (1.1) if∫
Ω
| curlu|p−2 curlu · curlΦdx =
∫
Ω
f ·Φdx
for any Φ ∈ W pt (Ω, div 0).
Our result now reads as follows:
Theorem 1.2. Let Ω be a bounded convex domain in R3. Assume that f ∈ L3,1(Ω)
with div f = 0 in the sense of distribution, then there exists a unique (weak) solution
u ∈ W pt (Ω, div 0) to the system (1.1). Moreover, we have the estimate
‖curlu‖L∞(Ω) ≤ C‖f‖
1
p−1
L3,1(Ω), (1.3)
where the constant C depends on p and Ω.
The proof of Theorem 1.2 will be given in Section 2. Throughout this paper, a bold
letter represents a three-dimensional vector or vector function.
2. proof of the main result
We now give the proof of our main theorem.
Proof of Theorem 1.2. Note that the system (1.1) is the Euler equation of the strictly
convex functional
J(u) =
∫
Ω
(
1
p
| curlu|p − f · u
)
dx
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in the space W pt (Ω, div 0). It is easy to see that the functional is of weak lower semi-
continuity and coercivity, then the existence and the uniqueness of the weak solution to
the system (1.1) follows, see [19, Theorem 1.6]. Since J(0) ≤ 0, then we have the estimate
1
p
∫
Ω
| curlu|pdx ≤ ‖f‖L3,1(Ω)‖u‖L3/2,∞(Ω).
The space W pt (Ω, div 0) is continuously embedded into the space L
3/2,∞(Ω), we can obtain
that
‖ curlu‖Lp(Ω) ≤ C(p,Ω)‖f‖
1
p−1
L3,1(Ω). (2.1)
Then, we show the inequality (1.3). The proof is divided into three steps.
Step 1. First, we make the following assumptions:
∂Ω ∈ C∞, (2.2)
and
f ∈ C∞(Ω¯). (2.3)
From the main theorem in [25], we see that u ∈ C1,α(Ω¯) for some α ∈ (0, 1). Then
classical regularity results can show that the solution
u ∈ C3
(
Ω¯
⋂
{|curlu| > t}
)
,
for t ≥ |ω|∗(|Ω|/2), where |ω|∗ is defined by (1.2),
For simplicity, we now rewrite ω, G(|ω|) instead of curlu, | curlu|p−2, respectively. We
first establish the following inequality,
(p− 1)tp−1(
∫
{|ω|=t}
|∇|ω||dS) ≤
∫
{|ω|>t}
1
4(p− 1)
1
|ω|p−2
|f |2dx+ t
∫
{|ω|=t}
|f |dS
+
∫
∂Ω
⋂
∂{|ω|>t}
G(|ω|)
3∑
i,j=1
νiωj∂jωidS.
(2.4)
First, by applying the formula div(A×B) = curlA ·B−A · curlB to the system (1.1),
we see that
− f curlω = div(G(|ω|)ω × curlω) +G(|ω|)ω · curl curlω. (2.5)
By simple computations, it follows that
G(|ω|)ω· curl curlω = − div(G(|ω|)∇|ω||ω|) +G(|ω|)|∇|ω||2+G′(|ω|)|∇|ω||2|ω|.
Substituting the above equality to (2.5), we have
−f curlω = div(G(|ω|)ω × curlω)− div(G(|ω|)∇|ω||ω|) + (p− 1)|ω|p−2|∇|ω||2. (2.6)
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By Cauchy inequality, one has that
f curlω ≥ −
|f |2
4(p− 1)|ω|p−2
− (p− 1)|ω|p−2| curlω|2. (2.7)
Coupling (2.6) with (2.7) tells us that
− div(G(|ω|)ω × curlω) + div(G(|ω|)∇|ω||ω|)
≥ −
1
4(p− 1)
1
|ω|p−2
|f |2.
Integrating the above inequality over the region {|ω| > t} and by Green’s formula, we
have ∫
∂{|ω|>t}
[G(|ω|) curlω × ω +G(|ω|)∇|ω||ω|] · νdS
≥ −
∫
{|ω|>t}
1
4(p− 1)
1
|ω|p−2
|f |2dx,
(2.8)
where ν(x) represents the unit outer normal vector at x ∈ ∂{|ω| > t}.
For almost every t > 0, The level surface ∂ {|∇ω| > t} has
∂{|ω| > t} = ∂Ω
⋂
∂{|ω| > t}+ {|ω| = t}.
Also, for x ∈ {|ω| = t}
⋂
{|∇|ω|| 6= 0} we have
ν(x) = −
∇|ω|
|∇|ω||
. (2.9)
From Sard’s theorem, we know that
the image |ω|(X) has Lebesgue measure 0, where X = {|∇|ω|| = 0}.
Let us focus on the terms in the left-hand side of (2.8). Since, for every x ∈ ∂Ω,
(curlω × ω +∇|ω||ω|) · ν(x) =
3∑
i,j=1
νiωj∂jωi.
Combining (1.1) and (2.9), and making use of the above equality yields∫
∂{|ω|>t}
[G(|ω|) curlω × ω +G(|ω|)∇|ω||ω|] · νdS
≤
∫
∂Ω
⋂
∂{|ω|>t}
G(|ω|)
3∑
i,j=1
νiωj∂jωidS + t
∫
{|ω|=t}
|f |dS
−
∫
{|ω|=t}
(ω × ν)(G′(|ω|)∇|ω| × ω)dS − t
∫
{|ω|=t}
G(|ω|)|∇|ω||dS.
(2.10)
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Furthermore, direct computations show that
−
∫
{|ω|=t}
(ω × ν)(G′(|ω|)∇|ω| × ω)dS − t
∫
{|ω|=t}
G(|ω|)|∇|ω||dS
=− (p− 1)tp−1
∫
{|ω|=t}
|∇|ω||dS.
Consequently,
∫
∂{|ω|>t}
[G(|ω|) curlω × ω +G(|ω|)∇|ω|ω] · νdS
≤
∫
∂Ω
⋂
∂{|ω|>t}
G(|ω|)
3∑
i,j=1
νiωj∂jωidS + t
∫
{|ω|=t}
|f |dS
− (p− 1)tp−1
∫
{|ω|=t}
|∇|ω||dS.
(2.11)
Combining (2.8) and (2.11), we obtain (2.4).
Now we consider the following two cases separately: (A) p ≥ 2, and (B) p < 2.
In case (A), multiplying both sides of (2.4) by tp−2(
∫
{|ω|=t}
|∇|ω||dS)−1 and then inte-
grating the resulting inequality from t0 to T , we have
∫ T
t0
(p− 1)t2p−3dt ≤
∫ T
t0
(
∫
{|ω|=t}
|∇|ω||dS)−1
∫
{|ω|>t}
1
4(p− 1)
|f |2dxdt
+
∫ T
t0
(
∫
{|ω|=t}
|∇|ω||dS)−1tp−1
∫
{|ω|=t}
|f |dSdt
+
∫ T
t0
(
∫
{|ω|=t}
|∇|ω||dS)−1tp−2
∫
∂Ω
⋂
∂{|ω|>t}
G(|ω|)
3∑
i,j=1
νiωj∂jωidSdt.
(2.12)
The estimates for the first and second integrals in the right-hand side of (2.12) can be
achieved directly from [23, (2.16) (2.17)], in which infers that
∫ T
t0
(
∫
{|ω|=t}
|∇|∇ω||dS)−1(
∫
{|ω|>t}
1
4(p− 1)
|f |2dx)dt ≤
1
4(p− 1)
C(Ω)‖f‖2L3,1(Ω),
(2.13)
and
∫ T
t0
(
∫
{|ω|=t}
|∇|∇ω||dS)−1(
∫
{|ω|>t}
tp−1|f |dx)dt ≤ T p−1C(Ω)‖f‖L3,1(Ω), (2.14)
where the constant C depends only on the size of domain Ω and the regularity of the
domain (the cone condition for Ω).
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Moreover, the last integral on the right-hand side of (2.12) is negative. Indeed, accord-
ing to [15, p.135-137], it follows that
3∑
i,j=1
νiωj∂jωi = 2ωτ · ∇τωn − Div(ωnωτ ) + B(ωτ ,ωτ) + trBω
2
n.
Since ωn = 0 on ∂Ω and the domain Ω is convex, for any x ∈ ∂Ω, we have
3∑
i,j=1
νiωj∂jωi = B(ωτ ,ωτ ) ≤ 0.
Note that
t0 := |ω|
∗(|Ω|/2) ≤ C(p,Ω)‖ curlu‖Lp(Ω)
≤ C(p,Ω)‖f‖
1
p−1
L3,1(Ω),
where the last inequality follows from (2.1). Substituting (2.13), (2.14) into (2.12), we
have
CT 2p−2 ≤ C(p,Ω)‖f‖2L3,1(Ω) + C(Ω)T
p−1‖f‖L3,1(Ω). (2.15)
Now letting T → ‖ω‖L∞(Ω), we consequently obtain that for any x ∈ Ω, there exists a
constant C depending on p,Ω, such that
‖curlu‖L∞(Ω) ≤ C‖f‖
1
p−1
L3,1(Ω). (2.16)
In case (B), multiplying both sides of (2.4) by (
∫
{|ω|=t}
|∇|ω||dS)−1 and then integrating
the resulting inequality from t0 to T , from (2.4) we obtain that∫ T
t0
(p− 1)tp−1dt ≤
∫ T
t0
(
∫
{|ω|=t}
|∇|ω||dS)−1
∫
{|ω|>t}
1
4(p− 1)
T 2−p|f |2dxdt
+
∫ T
t0
(
∫
{|ω|=t}
|∇|ω||dS)−1T
∫
{|ω|=t}
|f |dSdt
+
∫ T
t0
(
∫
{|ω|=t}
|∇|ω||dS)−1
∫
∂Ω
⋂
∂{|ω|>t}
G(|ω|)
3∑
i,j=1
νiωj∂jωidSdt.
,
(2.17)
Similarly, we have
CT p ≤ C(p,Ω)T 2−p‖f‖2L3,1(Ω) + C(Ω)T‖f‖L3,1(Ω) + C(p,Ω)‖f‖
p
p−1
L3,1(Ω).
Letting T → ‖ω‖L∞(Ω), we consequently obtain that for any x ∈ Ω, there exists a constant
C depending on p,Ω, the estimate (2.16) is established.
Step 2. We remove the assumption (2.2). We look for a sequence {Ωm}m∈N of bounded
domains Ωm ⊃ Ω such that Ωm ∈ C
∞, |Ωm\Ω| → 0,Ωm → Ω with respect to the Hausdorff
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distance (see [22]). Let um be the solutions to the system (1.1) with the domain Ω replaced
by Ωm. From step 1, we see that
‖ curlum‖L∞(Ωm) ≤ C‖f‖
1
p−1
L3,1(Ωm)
,
where the constant C depends on p and Ω (the Lipschitz character of the domain). Based
on this fact, then by the C1,α local regularity theory, for any compact subset K of Ω, we
have
‖um‖C1,α(K) ≤ C (K,Ω) ,
see [17]. By Arezela’s theorem, we see that
curlum → curl uˆ a.e. in Ω.
For any ψ ∈ W pt (Ω, div 0), we have∫
Ω
| curlum|
p−2 curlum · curlψdx =
∫
Ω
f · ψdx.
Now by Lebesgue’s dominated convergence theorem, we have
∫
Ω
| curlu|p−2 curlu · curlψdx =
∫
Ω
f · ψdx.
Step 3. We remove the assumption (2.3). We first extend the vector f to Ω0 with
Ω ⊂ Ω0. There exists an extension of f , denoted by f˜ , such that div f˜ = 0 in Ω0 and
satisfies
‖f˜‖L3,1(Ω0) ≤ C‖f˜‖L3,1(Ω).
There exists a sequence f˜n ∈ C
∞(Ω0) with div f˜n = 0 and
f˜n → f˜ in L
3,1(Ω0),
for the proof we may refer to [12]. The following proof is the same as step 4 in the proof
of Theorem 1.1 in [11]. The proof is complete. 
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